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AB^RACT 

The  problem  of  estimating  the  mixt<)re  constant  for  a  mixture  process  is  investigated. 
The  asymptotic  properties  of  M-Estimators  are  discussed.  Conditions  arc  given  under 
which  such  estimatots  are  asymptotically  normal  and  consistent.  It  is  shown  thnt  the 
maximum  likelihood  estimate  and  estimates  based  on  moments  satisfy  these  conditions. 
For  instances  in  which  there  is  uncertainty  about  the  distributions  composing  the  mix¬ 
ture  distribution  ^e  robust  estimator  is  found  to  be  a  censored  version  of  the  nominal 
MLE  nonlinearity.  Some  numerical  results  on  the  existence  of  robust  solutions  are 
presented. 


Il  Introductioa 

This  paper  wtU  mvetdsste  the  prabtem  of  esdnutitif 
the  eonsunt  t  from  ot»erY»tio(tt  of  «  noiu:  proecu  with 
UvB  diilribution 

(i.t) 

where  it  the  known  nomtnil  dittribution  end  v  it  • 
known  tifoed  meeiun  with  ttUrU  vwiiUon  0.  Qcvty.  Ote 
choice  of  V  it  coAitreitwd  by  the  fact  that  p  U  t  ditmbo- 
doa  funeiioft.  If  v  •  tl^  we  have 

p  •  ♦  aui  (U) 

p  hit  the  fottn  of  the  badidonal  miiture  dtioibuiica. 

Kttowtedfe  of  c  it  vtcful  for  at  teatt  two  reatont. 
Fintly,  and  mntt  generaity,  it  gives  ei  an  Increated  level 
of  knowledge  abowt  the  actual  ditsibution  of  the  noite. 
Secondly,  cetuin  noite  envinmmenu  conuin  buna  of 
high  ertergy  imputte  noiie  tupcri-opoied  on  a  tow-  kvti 
background  nQfie{5.e}.  tn  tech  a  situation,  the  noite  may 
be  thought  of  at  alccnutjflg  Verween  two  uaies.  If.  in  the 
tow  energy  state  die  nolic  ditvibuiion  it  p,  and  in  the 
intuitive  ttate  the  dittrihution  it  p*.  then  c  it  die  fraction 
of  time  the  noite  t$  in  the  high  energy  tute.  In  a  very 
eimitar  mamer.  cttimaict  of  <  may  aho  he  uwd  at  etti- 
mtiet  of  the  prior  dittributioo  of  any  dual  diwibution 
prohtem.  la  such  a  cate  we  ohterve  the  noite  over  a  tong 
period  of  time  and  iMdel  it  at  a  ttuiture  piocets.  The 
muldng  utimaie  of  c  it  an  etiimatc  of  the  prior  proba¬ 
bility  of  p,. 

la  this  paper  we  will  diicuit  both  thr  general  prob¬ 
lem  of  catimaiing  the  miaiure  tontunt  and  the  robutt 
problem.  In  12  ««  diieutt  the  ttymptotie  propeniei  of 
M-otimaion  for  c.  inctuding  Mtortiency  and  atymptotie 
normality.  At  would  be  etpecicd,  »«  find  that  the 
•lyn^totis  variance  n  miniautoi  by  the  matttmim  *<kcli- 


hood  ettimatof.  Some  M-etiimatort  which  c«i  be  pied  to 
ettimate  c  ere  diuufted  briefty  in  i3.  In  approaching  the 
robutt  problem  we  astutne  that  dwre  it  tome  unceruinty 
at  to  the  exaci  forms  of  both  the  conuminant  v  and  the 
nominal  )i«.  In  M  we  find,  within  certain  conatminta,  the 
worst  ditoibttiitm  and  the  worst  etmuminant  v« 
where  by  worst  we  mean  preduring  the  highest 
•tymptodi  variance.  |5  (ontabti  a  tuituruuy  of  (he 
preceding  leulu. 

12  CatimaUod  of  the  Mikture  ConstMt 

the  probtem  we  are  (MOiested  in  ii  as  foUowa.  We 
are  given  the  obtemtion  sequence  which 

it  a  ittiiitfion  of  die  lequence  of  r^-vah»ed  random 
vtriabla  X»{ir|Jkt,..3r,}.  The  (gj  ait  independent, 
identically  ditoibutod  and  have  the  diuribution  given  by 
(1.1).  goal  U  le  ettimate  «  from  a.  thioughoai  (hia 
piper  we  wifl  utume  dut  p  it  a  tvictiy  imiTettirif  dittri- 
bution.  Furthertnone,  in  iM  interett  ^  mathematteal  tree- 
ubility  and  beeiuae  it  imtiudet  the  mulmum  likelihood 
ettinaie  (MLE).  we  wilt  confine  ihit  diacuatton  to  the 
cUu  of  h^fimatoiri  (hr  c. 

By  u  M-eatimaior  for  c  we  mean  any  member 
of  dm  aei  of  poinu  C  whkh  ndnimiu  the  functional 

tfliJO-lPtU) 

to  that 

min(?(Vi)-Cfe^.*r  fTI) 

wlete  p  it  continuous  and  eonvea  in  iu  firu  argument 
andC<  £.  U 

n(U)"^Pltr) 

it  continuous  then 


1 


En(«^rt}-o  (2.2) 

(•I 

is  an  equivalent  condition  to  that  of  Eq.  (2.1).  Since  p  is 
convex  in  t)  is  non-decreasing  in  1^;  if  p  is  strictly  con¬ 
vex  then  ri  will  be  monotonically  increasing. 

Asymptotic  Properties  of  M-cstimators 

For  the  remainder  of  this  section  we  will  investigate 
the  asymptotic  properties  of  Facts  1-4  are  taken  from 
(I]  and  are  included  for  thoroughness. 

Fact  1.  Q  b  convex  and  £  b  non-tmpty,  convex  and 
compact.  For  ttrictty  convex  p,  £  contains  a  single 
point. 

Fact  2.  Let  ■  ^(^jtV/pfx)  and  assume  there  b  a 
suck  that  X((q)  exbts  and  b  yini/c. 

1)  Then  k(4)  exbts  for  all  ^  (but  b  not  necessarily 
finite). 

2)  Ut 

S  »{x:  )  >  0  a.e.  (m)} 

where  n  indieeits  lebesgue  measure.  Assume 
p(S)>Oandthatifx«-^  then  .  0  «.«,  (m). 
Here  -d  indicates  the  complement  of  S.  If  i) 
P<^  l-^^as^-mnrfor  alt  I  c  S  or  U)  for  seme 
V I  k(4» )  •  0  then  HI)  VO  b  monotonically  Inertcs- 
big  and  b  strictly  positive  (negative)  foe  large  posi¬ 
tive  (negative)  values  pf%. 


Substituting  (1.1)  and  (2.5)  in  (2.3)  yields 


V(n)  ■ 


/n^t.«)[«fMfl(x)  e<fv(x)l 


TT(2-6) 


r  .  t  V 


.  .  . .  1 


By  the  Cauchy-Schwarz  inequality 


o/(n)  k 


L 


4Mo(x)-*-e4v(x) 


(dPo(x)  tifWx)] 


r 


where  equality  holds  if  and  only 

n(0-)-«fv(-yidpflC)  +  VfvC)l- 


(2.7) 

if 


Assume  that  both  pg  and  v  are  differentiable.  Let  Po 
be  the  penalty  function  for  the  maximum  likelihood  esti¬ 
mate  oft.  Then 


and 


po(0*)  ■  -Ini'—M')  + 


(2.8) 


Then  &oro  Eqs.  (2.6F(2.8)  we  have 

o^*(sio)  •  two  0^’(Tl). 

Hence  it  is  seen  that  the  MLE  has  the  tmaliesi  asymptotic 
variance  amoogsl  all  M-eaumatort. 


13  Examples  of  M-Eatimalora  for  c 


Frocf  See  (IJ  and  (t). 

Fact  3  (ConsisUaejr).  Assume  that  there  b  some  t  for 
which  H\)<0  for  alt  {<t  and  1(1)  >  0  for  alH  >  c 

Fhen  C  abnosi  surety  ant*  in  pr^abiliry. 

Fact  4  (Asymptotic  Nonaality).  Assmne 
/)  Vt)-0, 

3)  VO  b  differentiable  «f  ^  •  e  and  X'(t)  >  0. 
h  JqHOs)4p(r)  b  finite  and  continueut «  (  ■  a. 

Then  -  c)  ir  tuympioHcolly  normal  vdtk  asymptotic 
iMM  mo  and  mspmptodc  variance 


where 


/nVoVrtx) 

ixW 


03) 


V(«)  -  -  J(^n(cx))4m*)0.4) 


Proc/.  Sts  (li  and  {II. 

Afinimixatioa  of  Asymptotic  Variaact 

Utiitg  she  chain  rvk  and  Eq.  (1.1)  tad  lecaUing  that 
Vo  ■  0.  «c  can  rewnw  04)  as 

V(0  •  [fn(trf)drta )]  “  fttiu  )dvtt)  (2J) 

• -Jnita>4v(x) 


In  the  pttooding  taction  we  discussed  the  asymptotic 
properties  of  M-estimaiora  for  c  based  upon  observations 
from  a  proeea  having  the  disvibuikm  p  *  pe  ♦  cv.  We 
now  iavcaiigaie  tome  caamptet  of  tbtte  esthnaton.  The 
problem  here  it  somewhat  different  than  the  location  etti- 
maiion  problem  and  at  would  be  etpeeted  we  cannot 
define  OBT  penalty  functions  in  pricisely  the  tame 
mtfMer.  For  caampk,  if  A*,  is  dte  minimum  squared 
error  estimate  of  loMtion.  it  is  chosen  to  be  that  (  which 
Bxinimitea  the  i,  norm  of  the  difference  between  a.  the 
sequence  of  and  (t^.  — ^1.  The  analo¬ 

gous  procedure  for  estimating  a  would  be  to  minindae  the 


1}  norm  bcTweca  the  aequexicet  f«{/(*i)./(»i),-. /(*.)/ 
««d  l-(f(t»i).l(UiU.#tU.)l-  Site»  estimating  c 
etn  be  viewed  at  a  problem  of  density  eatirrution.  H 
seems  logical  to  pick  /  and  r  to  that  they  ate  both  estt- 
auKS  of  the  density  auociated  with  p.  However,  unless 
/  acmaily  b  the  density  of  p.  /(A)  will  be  biased  (sirwe 
is  is  based  on  only  one  lamptc)  tad  minimitiAg  |f '  Cl 
will  produce  an  incoaslst^  estimate  of  c.  Hence  we 
would  ba««  to  use 


OiV*)w  Eo.(tA)w 


f*1 


X 

49* 


II 


where  /.(iji.)  »*  »"  estimate  of  the  density  of  p  based 
upon  a  and  evaluated  at  the  pouti  a,.  We  now  have  a 
penalty  function  wtwie  form  (rather  than  simply  the 
number  of  terms  In  the  tarn)  depends  impticiily  on  «. 
Hewe.  the  letutting  is  not  w  M-estimator.  Note  that 


-2- 


Pii(M)  is  the  mean  squared  error  in  the  density  esti¬ 
mate  If  the  estimate  is  consistent  then  die  mean 

squared  error  lends  to  zero  and,  since  p  is  positive, 

This  example  demonstrates  the  necessity  for  care  in 
chocsing  penal^  functions  for  M-estimators  for  e.  We 
must  also  keep  in  mind  the  constraints  put  on  p  in  order 
to  ensure  that  the  resulting  estimate  U  consistent  and 
•symptoti9ally  nonnaL  These  constrainu  are  given  in  {2. 

We  now  look  at  tome  examples  of  M-estimators  for 
a;  specifically,  we  will  investigate  the  maxunum  likeli¬ 
hood  esti  tie  and  estimators  bated  on  the  squared  error 
of  a  moment  or  moments. 

The  maximum  likelihood  atimate 

At  usual  the  maximum  likelihood  estimate  is  defined 
as  that  (  which  minimizes  the  functional 

+  (3.1) 

M  1-1  « 

Gearly,  the  individual  terms  of  the  sum  in  (3.1)  are 
defined  only  for  those  (  for  which  the  bracketed  exprts* 
akm  is  positive.  Hence  the  sum  exisu  only  for  thw  4 
for  which  n//  the  bracketn!  terms  are  positive.  Using  this 
fact  alone  we  can  prove  that,  under  eciuin  tesericUons,  if 
Urn  t*.  etlsu  dsen  it  Iks  in  (CU). 

Proposition  1.  (f  p  li  aluotuufy  eeMlnuom  with  rtzptcr 
10  tabriiM  mtaturt,  dv/dpo  k  coan'mtoui, 
aupdWtfpgMw  aid  iaf dWdp« <* •Ik  then  Sc  end 

froof.  See  (SJ. 

What  is  remarkable  here  it  that  we  have  shown  that  the 
estimate  it  confined  to  the  interval  (Ojt]  without  even  con¬ 
sidering  (he  minimiution  of  (3.1).  If  we  weaken  the  res- 
crkiion  on  to  (hat  Its  range  it  required  to  be 

then  the  coactusion  it  that  lIi{^.Si  and 

liai^ko. 

Proposition  I.  ff  |dv(tydt  |  U  patltitit  on  «  act  of  poti- 
dur  p-prehoMfity.  then  At  amrimwm  UttUhood  uHmeier 
it  ttrwtti/  conrisatw  aid  -t)it  ajymptetitally 
warmtt  wiA  arymfitaHt  mroa  0  end  mtymptotie  warionce 

•Arnr  r|^4ui )  U  ghtta  by  £g.  fid). 


lively,  and  a,-  is  a  non-negative  weighting  factor. 

Proposition  i.  If  is  non~iero  for  any  i  between  /  and 
m  and  both  ai"  and  rrq  are  finite  for  i  between  I  anti  2m, 
then  the  squared  moment  error  estimate  t„,  based  on 
P«(5»*)  is  strongly  consistent  and  n\t^  -t)  is  as\mptot~ 
Ically  normal  with  asymptotic  mean  0  and  asymptotic 
variance  given  by  (2J). 

Proof.  See  [8]. 

|4  Robust  EiUmatlon  of  e 


In  tills  section  we  will  investigate  the  robust  pro¬ 
cedure  for  estimating  c  iiom  observations  from  a  process 
having  tite  distribution 

P"(l-<)|to-*-rPt  ('*•() 

where  both  Po  P|  ate  probability  measures.  This  is  a 
specific  cate  of  the  form  for  p  we  have  discussed  in  the 
preceding  sections;  (hat  is,  v  -  p,  -  The  eontspond- 
ing  nonlinearity  for  the  KCPS  for  c  it 

_  .  -dvts)  _  dpfl(z)-dp,{*l  ^ 


tldU)' 


dpoCx)  +  <dv(x)  (l-4><Pe(a)*4dp,i») 


W«  will  assume  that  both  Pe  and  pi  are  miiivirt  of  a 
knowm  nomlAal  nohabiUiy  measure  and  an  unknowit  coo- 
laminjuu  probabwiy  tncatuiv.  We  then  have 


fiiy  tncatuiv.  We  then  have 
tie^d-oobki 


p,  •(j-«,)Pu  ♦0)Pi*  {*-3) 

where  a,.  iwU  are  known  constants,  p«.  are  knowo 
diitribuiioAS  and  Pi».i'*U  are  unknown  dlstribuilooa. 
We  will  alto  roquirv  that  the  nominal  value  of  rwtv*>< 

»  dpo,(a)-dpu(«) 

be  a  monotcnlc  (eiihcr  noo-deermiag  or  aon-incTCftsing) 
function  of  a.  Note  (hat  if  we  let  (,  *  dy^dnt, 
can  rewrite  (4.4)  as 


Dirferentistion  of  (4.S)  with  letpeet  to  (,  detnrattraiet 
that  not  k  a  monotonk  fuaction  of  the  liketibood  ratio  (.. 
Hence  moetotonkity  of  (he  two  fMctioftt  is  cquivaknt 
and  we  can  tettrtet  oerKlvet  to  thow  pairs  ef  wxiwAal 
disuibutioftt  for  which  the  likelihood  ratio  it  noeeeenk. 


Pnu^.  See(l). 

Squared  error  In  meinmu  tstinotci 

We  ran  define  pcMliy  functions  for  M-estimaion  in 
amns  of  the  known  momeAti  of  m  and  v  («..hert  by  tiie 
ith  irtomcM  of  v  we  mean  Jt'dv).  The  gerr^l  form  of 
auch  a  penalty  function  is; 

pufi.*)  •  t^T- ^‘1* 

>•1 

where  aT  wd  iT ■«  the  ith  moeaem  of  p«  and  %.  lespcc- 


For  the  remainder  of  this  section  we  will  mtrtct  the 
ditcuuion  to  those  {iu»  tit*  *hich  are  eonuouoos. 
tbioiuiely  continuous  with  respect  to  Lebetgue  measure 
and  for  whkh  (,  k  eondnuoui  with  ism^  (0.-).  We  will 
show  that  if  the  maneunicity  condition  for  *c  norruniJ 
dittribationt  and  Pi«  is  sttitlkd.  then,  under  ceirain 
conditions,  there  eahti  a  dtsiribwtion  p>  which  misimiies 
the  varianfc  of  :he  MLE  for  c  within  the  set  of  ditmb*- 
tions  formed  from  those  nomtnais.  M««  femally.  let 

C  *  (p;  p  •  (l-€)|(><4i(hi«.  ♦(Sdl«|*rUI*«il|iu  'tritiull 
where  p^  and  Pi«  arc  fixedl  dp^rdpu  it  mcwrwuur  and 
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(lu  uid  |ijt  are  any  distributions.  The  worst  distribution 
in  C  is  written  as 

tu  m  (l-e);to,  +  eui. 

where 


and 


Ho.  ■  (l-Oo)P<k  + 


|iu  • 

Using  the  minimu  criterion,  (u  satisfies 

nio  o^(n)  max  oJt).) 

H«  M  ik<  C  ^ 

where  H  is  the  wt  of  ali  M-cstimator  nonlinearities  and 
^  "  (l-O/Ho.  ♦  ‘ 

is  the  nonlinearity  for  the  MLE  of  c  when  the  noise  has 
the  distribution  tu. 

At  it  by  now  expected,  n*  will  turn  out  to  be  very 
simitar  to  a  censored  version  of  the  MLE  nonlinearity  for 
noise  having  the  distribution 

i».  -  O-Oiiot  *  «»»u- 

The  technique  used  to  construct  the  wont  disoibutioos 
and  ^  lottch  like  that  used  in  (3)  and  (5)  to 
find  the  worst  pair  of  distribudont  for  risk  for  hypothesis 
testing.  For  that  problem,  the  processor  mmlinearity  was 
a  Uk^ood  ratio,  whereas  hm.  our  nonlinearity  is  a 
monotoni  function  of  the  likelihood  ratio  of  |t«  and  u,.  In 
either  case,  the  resulting  fuaettoo  it  a  censored  version  of 
dte  nominal  noolineartty. 

The  asymptotic  variance  of  an  M-«sti»BH>r  for  c  can 
be  wriOBA  «  (tee  (L3)-(3J)); 


♦  cdstji 


where  for  simplictty  we  have  wtiuen  lUc)  foe  it(t,x)  and 
H'tt)  for  Me  Intu  Ik  Let 


(t-<^Wsta.  -  (t-O'IrfUw 


If  Ho  end  H,  are  given  by  (4.2)-(4.3),  then  the  portion  of 
the  denominator  of  (4.6)  which  is  effected  by  ^e  choice 
of  Hot  and  Hu  is 

d  “/n'(e)[{l-<)aodH<»  +cai</Hul* 
and  the  portion  of  the  numerator  of  (4.6)  which  it  like* 
wise  effected  it 

*  “  Jn*(e)l{l-<)«o<f +  ta,c/Hi*  ]• 

Since  n  is  monotonic,  the  value  of  d  which  minimizes  the 
denominator  of  (4.6)  it  sera  Similarly,  since  the  max* 
Iffium  value  of  n*  it  the  value  of  n  which  ma.simizet 
the  numerator  of  (4.6)  is  I(l-c)a«  +  eOtJk*.  Hence,  in 
order  to  maximisn  we  would  choose  H<a  and  Hit 
to  that  dptt  and  dpu  an  zero  except  when  Iq,  l  k  k.  If 
Ho  and  Hi  can  be  found  for  which  this  restriction  on  the 
support  of  the  contaminant  it  satisfied  and  for  which  n,  as 
given  by  (4.8X  is  the  MLE  nonlinearity,  then  we  hav-e 
solved  tte  minimkx  problem. 

For  the  hypothesis  testing  problem  described  in  (2] 
the  wont  pair  of  distributioos  for  discrimination  were,  in 
some  tense,  as  close  to  each  other  as  possible.  For  the 
estimation  ^  the  mlxtun  constant,  the  itsuh  it  similar. 
Geariy.  H  He  and  Hi  are  the  tame  distribution,  it  will  be 
very  difficult  to  atimate  t  In  such  a  case,  .since  no  is 
auo  for  all  a,  we  have  censored  ni  at  tero.  The  lesulting 
nonlinearity  is  one  way  of  saying  that  nothing  it  known 
and  Mihhsi  can  be  learned. 


The  i^fscral  reburi  aotutlon 

The  genetal  form  for  the  sotuiion  for  the  robtot 
problem  is  given  by: 

(»-«,>riHa.'  ii  *  d, 

Hw*  •  -  (ioOalHa.',  d,  <  4  <  dj  (4.9) 

► 

m.*  •  (i-othito',  d,  <  4  <  d,  (4.10) 


j(l-«,K#ta*.  4<d, 

where  A  •  (s  a  nem-emiqve  set  of  positive 

conatano.  If 

,4,1, 


where  r  then  n.  it  a  symmetrscaHy  cen¬ 

sored  veniew  of  III  at  in  (4.8K  We  ran  also  censor  on 
one  tide  only.  Rewiiting  (4.7)  at 


-4 


Hi* 


l-Co 


i-tti  rfm* 


(4.12) 


nukes  it  easy  to  see  that  the  nmje  of  m  »  {-l/e.l/(l-e)}. 
^  If,  for  example,  c  <  1/2  (hen  we  can  censor  iii  at  ~k 
W  where  l/(l-e)  <  i  <  1/e.  Qeirly,  we  have  not  effected  the 
value  of  Hi  where  it  is  positive  while  at  the  same  time  we 
have  censed  so  that  maximum  mafnitude  and  (assuming 
without  loss  of  generality  that  4  is  monotonically  increas¬ 
ing}  minimum  slope  are  attained  on  the  tame  set 


Since  ■  (1-Oo)l><u  we  mutt  have 

Po.  -  (l-Oolp^  2  0.  Similarly,  we  must  have 
Pik  ■  Pu  -  (l-<»i)Pu  i  0.  Inspection  of  (4.9)-<4.10) 
reveals  that  this  requirement  is  equivalent  to  requiring 
that  C|  and  cj  ate  both  greater  than  1.  Furthermore,  for 
and  Pt.  to  be  ditiributioas,  (hey  mutt  have  total  mass 
of  unity.  Hence,  we  must  choose  A  with  4]  (for  sym¬ 
metric  censoring)  given  by  Eq.  (4.1 1),  c,  2  I,  (wlA  and 


»-(l-aeMftPe,((.id,)  +  ji^{4,<4<4,}  (4.13) 


♦d|ejPi«(4  Sd|)l 

1  -  (l-<i,)J.jiMo,(4  »  d,)  ♦  Hu (d,  <  4  <  4i)  (4.14) 


■♦eiPu(4  *dj)l 

With  e,  •>  1.  (m\X  0.4.25)  and  (3  4.26)  become 
(l-<ij)U»o,{4^40  +  daiu(4Sd,)|.l  (4,15) 
•1)4 


(i-o.)l-^P«,{4  i  di)  ♦  nu((.  *d,}J-  1.  (4.16) 


It  U  shown  in  (2)  that  there  always  caist  4|*  sm)  4}’  fee 
which  (4.13)  and  (4.16)  ««  irwe.  UnfoituMiely.  in  gen- 
ml.  this  soltttioo  wttl  not  satisfy  (4.1 1).  Ut  the  braek- 
md  terms  in  (4.13)^4.16)  be  known  as 
/(4),t(4)./(di).  and  t(d]),  mp^vcly.  Noue  (hat  boOi 
HA)  tad  t(4)  are  iiicrci^  faactiwu  of  ci  and  C}, 
Furdatsmeie,  at  shown  bt  {2).  /(4|)  it  an  iMcma^  fanc- 
don  of  4|  and  g{4s}  U  a  deermh^  functtai  of  4^  Then 
if  4  •  (etxt^i,d|)  U  a  loiatioo  of  (4.13)  and  (4.14).  we 
tuu  hm  4, 1 4t'  and  4}  2  4/.  This  fact  wSI  bad  to  a 
fmcondiiioo  for  the  ate  of  tymmevk  eentoring.  Let 
AwniUws.  Thea  from  (4.11)  and  (4.12)  it  can  be 


g  ...1  -<!4. 

(4.17) 

Md 

4,.r  •*** 

i-twje 

(4.18) 

Then  for  i  <  we  have  4,  <  r  <  4».  How¬ 
ever.  if  telO.  4,-v-  as  *-♦  white 

4|  -4  r(l  -  Ityzdo.  Hence,  if  4,'  i  r(i  -  2(p2(l-«)  we 


can  only  censor  qj  for  negative  values.  In  a  similar 
fashion,  it  can  be  shown  that  if  e  >  1/2  and 
di  2  2er/(2e  - 1)  we  can  censor  only  positive  values  of 
ni. 


Theorems  about  symmetric  censoring 


Lemma  1.  Let 


du,  wnux 


0. 


r  l-2e 
2  l-e 


and 


dlM  ■ 


max 


0. 


2e-l 

2*j> 


where  1/0  is  dttfined  to  he  i/^m'ty.  If  d^  is  given  by 
(4JJ),  4|k  <dji  4]'  and  d{  idi<  d^,  t^n  t^re  exist 
C|  and  C},  at  least  one  of  which  is  greater  than  or  equal 
to  unity,  which  solve  (d.J3}  and  (4.14). 


Proof  See  [8]. 

Theorem  1.  For  any  pair  (4, ,4)}  which  satisfies  the  eon- 
dirioAS  of  the  iemma  let  p{d|)>/(4)')-*/(d|)  and 
6(ds)  ■  g(df) -  f  (42).  A  necessary  st^ficiem  candi- 
don  for  both  Cl  and  C)  to  equ^  or  exceed  unity  it 
d,q  Sp  Sdtg. 

Froef.  See  (8). 


Corollary.  A  sufficient  eordition  for  ike  exittenee  of  a  set 
A  with  tt>\  if  that  there  is  some  pair  (di^fj),  4)  <  d|', 
which  satisfies  the  eoadkioni  pf  the  lemma  and  for  which 
/(d,yf(d,)-f. 


Proof.  Seed). 

The  advantage  to  tttting  the  conditions  for  the 
exittance  of  a  soiutkei  in  tom  ^ /(4()  and  t(4j}  is  that 
these  hmctkms  can  be  i^utaicd  and  sawod  for  any  pair  of 
dtseribudont  ti|»  and  pu.  We  have  dona  ao  for  the  ease 
where  (tea  is  num  thd  hu  1*  N^xy.  Pigeret  M  show 
the  regioiu  in  die  iweto^k  d<q^«6l8,  0<ai,<0.b5  Ibe 
which  a  act  4  can  ba  found  for  which  ttg.'  and  hi.'  are 
density  fanctiona.  Tht  values  of  c  in  Ftfs.  1-4  are  0. 0.15, 
0i3  a^  6.45.  ttspeoivety.  h  shoetd  be  noted  dtat  es 
e  -♦  Hthe  (egtoo  betooas  targer.  tT^  appears  w  be  due 
10  d«  (act  dot  4|«  MCfcates  and  u  a  lesalt  ihoe  is  a 
greater  nn^  of  possibte  vsioes  for  4|. 

Therrcta  I,  For  any  pair  (d^dO  wbic*  »ad^  the  oan- 
egdwu  i.f'hefemmaa  eeffit^  rundirioa  for  tort  e,  m>d 
r|  to  aqnat  or  excead  nniiy  if  iq  2  Sau  (ri4}.t-r«4|). 
For  c  <  M  the  ttffieiem  eondiiion  edit  b*  t-jai^itd  for 
tame  (4t<4t)  (f  and  only  if  e%> 4u,/r.  Far  c  >  H  fAe 
tnfficieai  cemdidon  wUl  be  tati^/kd  for  tome  (duds)  if 
and  only  iflt^>  rd^,,'^. 


Proof.  Seed). 


A  major  prabtem  with  symmtsric  ecsisoring  is  that 
the  ralationship  between  4|  and  4}  depends  on  dte  unk¬ 
nown  vatifc  of  e.  This  is  espeeialiy  teoubtini  since  this 
relationihip  Muitt  be  caacs  le  that  both  and  (tiu  are 
conhacd  10  the  set  on  wbieb  the  aonliiaeartty  hat  maa- 


-5- 


imum  mass  and  minimum  slope.  It  is  important  to  note, 
however,  that  there  is  no  real  necessity  to  know  the 
values  of  d I  and  rfj  in  order  to  use  the  robust  estimator. 
This  is  due  to  tlie  fact  that  p  and  q  are  continuous  in  d^ 
and  </j,  respectively.  Hence,  if  there  is  a  pair  (di.d{) 
which  satisfies  the  Theorem,  it  is  not.  in  general,  unique. 
As  a  result,  slight  changes  in  the  value  of  e  which  result 
in  slight  perturbations  in  the  relationship  between  d|  and 
dj  (see  (4.11))  will  cause  only  slight  changes  in  the 
values  of  e,  and  ea-  As  can  be  seen  from  Eqs.  (4.13)- 
(4.14)  and  (4.17)-(4.18)  the  value  of  k  completely  deter¬ 
mines  the  set  4 .  Hence,  given  Oo  and  aj,  there  is,  in 
general,  some  value  of  k  for  which  A  includes  cj  2  i, 
l»l,2,  over  a  range  of  values  of  e.  We  need  not  bother  to 
find  4 1  and  da  if  we  are  certain  that  the  actual  value  of  e 
falls  within  that  range. 


Theorems  about  one-sided  censoring 

Theorem  3.  A  lucessory  and  tufficitnt  condition  fot 
eite-tuUd  cetuorinf  at  a  Htgativa  valut  pf  k  ii  tkai  ikert 
txisa  acme  4|,  0<dt<dt**min{4t'.4|a)  such  that 
«i  "ffdiVCpCdii  +  di).  if  d\tdi'  and  e<l/2  such  a 
tobuUm  atweyi  axtiu.  Tht  nJatUmhip  batwatn  4)  and 
k  it  tty  f4./7). 

Prot^.  Set  (tj. 

Theorem  4.  A  ntctttaiy  and  aqflSeieaf  eondidoa  for 
ana^tUtd  eentoHnf  at  a  potidvt  valaa  of  k  is  that  theft 
exittt  tame  4a,  Bua{4}'.4aa}«4|*  <4a<*«  ttteh  that 
Oe-d,f(4,>S(4jf(4,)e  I),  tfd^mdi  and t>  Xfliueha 
satusion  always  exitts.  The  reJatiatukIp  between  4]  and 
k  it  $i*tn  by 

The  proof  of  Theorem  4  is  virtually  idendca)  to  that  of 
Theorem  3. 


15  COMtustoru 

In  this  paper  wt  investifaitd  the  problem  of  ettimat- 
iitg  a  tniature  constant  from  observaimnt  of  nviature 
Boita.  fa  parttcalar  the  prapertiet  of  M-«sima«xs  for  t 
watt  discussed,  ti  ««s  shovm  that  euimaiors  ^  this  type 
art,  within  etnain  suid  reurictioas.  consiuent  artd  atyi^ 
lotkalty  normal  and  dtat  (he  asymptotic  variance  is 
atimmiied  by  the  muimum  likelihood  ^timator.  The 
MLE  was  discussed  in  detail  as  were  M-estimaton  based 
on  M  cRor  beswren  the  sample  momenu  and  (he 
moments  given  by  (he  ntimaie  of  i.  Both  were  found  to 
be  CMoisicat  and  saympioiicatty  normal.  The  remainder 
at  die  ehipier  contains  (he  formulation  and  solution  of  (he 
Mbctt  utinuaion  problem  for  the  care  where  toms  unccr- 
Itiftty  etiiir.  about  the  nominal  and  coouminaiing  distri- 
butiont.  'he  robes*  ted  for  dereeting  the  pretence  of 
vactishtBj^y  small  eoataminana  was  atso  found. 
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